We establish a weighted L p boundedness of a parametric Marcinkiewicz integral operator ᏹ ρ Ω,h if Ω is allowed to be in the block space B (0,−1/2) q (S n−1 ) for some q > 1 and h satisfies a mild integrability condition. We apply this conclusion to obtain the weighted L p boundedness for a class of the parametric Marcinkiewicz integral operators ᏹ * ,ρ Ω,h,λ and ᏹ 
Introduction
Suppose that S n−1 is the unit sphere of R n (n ≥ 2) equipped with the normalized Lebesgue measure dσ = dσ(·). Let Ω be a function defined on S n−1 with Ω ∈ L 1 (S n−1 ) and satisfies the vanishing condition It is easy to see that the following inclusions hold and are proper:
Throughout this paper, we let x denote x/|x| for x ∈ R n \{0} and p denote the conjugate index of p; that is, 1/ p + 1/ p = 1.
Suppose that Γ(t) is a strictly monotonic C 1 function on R + and h : R + → C is a measurable function. Define the parametric Marcinkiewicz integral operator ᏹ [17] . Stein showed that ᏹ 1 Ω,1 is bounded on L p (R n ) for p ∈ (1, 2] if Ω ∈ Lip α (S n−1 ) (0 < α ≤ 1). Subsequently, Benedek et al. proved that ᏹ 1 Ω,1 is bounded on L p (R n ) for p ∈ (1,∞) if Ω ∈ C 1 (S n−1 ) (see [3] ). Later on, the case of rough kernels (Ω satisfies only size and cancelation conditions but no regularity is assumed) became the interest of many authors. For a sample of past studies, see ( [1, 2, 4, 5] ). In [2] , Al-Qassem and Al-Salman showed that ᏹ 
. Recently, in [1] the author of this paper gave that the more general operator
(S n−1 ) and h ∈ Δ γ (R + ) for some q,γ > 1. This is an essential improvement and extension of the results mentioned above.
On the other hand, the weighted L p boundedness of ᏹ 1 Ω,h has also attracted the attention of many authors in the recent years. Indeed, Torchinsky and Wang in [19] 
and ω ∈ A p (The Muckenhoupt's weight class, see [9] for the definition). In Sato in [16] improved the weighted L p boundedness of Torchinsky-Wang by proving that
and ω ∈ A p (R n ). Subsequently, in Ding et al. in [5] were able to show that
In a recent paper, Lee and Lin in [13] showed that
, where H 1 (S n−1 ) is the Hardy space on the unit sphere and A I p (R n ) is a special class of radial weights introduced by Duoandikoetxea [6] whose definition will recalled in Section 2.
In this paper, we will investigate the weighted L p (ω) boundedness of the parametric Marcinkiewicz operator ᏹ ρ Ω,Γ,h for ω ∈ A I p (R n ) and under the natural condition Ω ∈ B (0,−1/2) q (S n−1 ). To state our results, we will need the following definitions from [8] .
Definition 1.1. We say that a function Γ satisfies "hypothesis I" if (a) Γ is a nonnegative C 1 function on (0,∞), (b) Γ is strictly increasing, Γ(2t) ≥ ηΓ(t) for some fixed η > 1 and Γ(2t) ≤ cΓ(t) for some constant c ≥ η > 1. (c) Γ (t) ≥ αΓ(t)/t on (0, ∞) for some fixed α ∈ (0,log 2 c] and Γ (t) is monotone on (0,∞). 
In order to make a comparison among the above mentioned results, we remark that on S n−1 , for any q > 1, 0 < α ≤ 1 and −1 < υ, the following inclusions hold and are proper: The paper is organized as follows. In Section 2 we give some definitions and we establish the main estimates needed in the proofs of our main results. The proofs of Theorems 1.3 and 1.4 will be given in Section 3. Additional results can be found in Section 4.
Throughout the rest of the paper the letter C will denote a positive constant whose value may change at each occurrence.
Definitions and lemmas
Let us begin by recalling the definition of some special classes of weights and some of their important properties.
there is a positive constant C such that for any interval I ⊂ R + ,
is the class of weights ω for which M satisfies a weak-type estimate in L 1 (ω), where M( f ) is the Hardy-Littlewood maximal function of f . It is well-known that the class A 1 (R + ) is also characterized by all weights ω for which Mω(t) ≤ Cω(t) for a.e. t ∈ R + and for some positive constant C.
where either
p (R n ) be the weight class defined by exchanging the cubes in the definitions of A p for all n-dimensional intervals with sides parallel to coordinate axes (see [12] ). Let
By following the same argument as in the proof of the elementary properties of A p weight class (see, e.g., [9] ) we get the following lemma. we will recall the definition of block spaces on S n−1 . For further background information about the theory of spaces generated by blocks and its applications to harmonic analysis, see the book [14] .
where |I| = σ(I), and
Jiang and Lu introduced (see [14] ) the class of block spaces B (0,υ) q (S n−1 ) (for υ > −1) with respect to the study of homogeneous singular integral operators.
where each η μ is a complex number; each b μ is a q-block supported on a cap I μ on S n−1 , υ > −1 and
In their investigations of block spaces, Keitoku and Sato in [11] showed that these spaces enjoy the following properties: where σ bμ,t stands for the total variation of σ bμ,t . The constant C is independent of k, μ, ξ and Γ(·).
Proof. We will only present the proof of the lemma if Γ satisfies hypothesis I, since the proof for the case that Γ satisfies hypothesis D will be essentially the same. By (iii) and the definition of σ bμ,t , one can easily see that (2.8) holds with a constant C independent of t and μ. Next we prove (2.9). By definition,
By Hölder's inequality, a change of variable and since Write I μ,t (ξ,x, y) as
where
Now, using the assumptions on Γ, we obtain
Thus by van der Corput's lemma,
By integration by parts, we get 18) which when combined with the trivial estimate |I μ,t (ξ,x, y)| ≤ log 2 and choosing τ such that 0 < τ < 1/q yields
By Hölder's inequality and (ii) we get
(2.20)
8 Weighted marcinkiewicz integrals Therefore, Hence, by (iii) and since Γ is increasing we get
By using the same argument as above we get (2.10). The lemma is proved.
(S n−1 ) and Γ satisfies either hypothesis I or hypothesis D. Then there exists a positive constant C p such that
Proof. By Hölder's inequality, we have 
is the Hardy-Littlewood maximal function of f in the direction of y . On the other hand, if Γ satisfies hypothesis D, as above we have ds/s ≤ −dw/αw and
(2.30) By (2.26)-(2.30) and Minkowski's inequality for integrals we get
By [6, equation (8)] and since ω ∈ A p/γ (R + ) we have
with C independent of y . Thus, by (2.31)-(2.32) we get (2.24). This completes the proof of the lemma. By Hölder's inequality and following a similar arguments as in the proof of (2.25) we get
(2.36) Therefore, by (2.35)-(2.36) and a change of variable we get
By Hölder's inequality, we obtain
. 
.
(2.41)
On the other hand, by Lemma 2.8, we get
Now, we define a linear operator T on any function 
holds for arbitrary functions {g k (·)} k∈Z on R n . The constant C p is independent of μ.
Proofs of main results
We will only present the proof of Theorems 1. 
Then for some positive constant C, the following holds for all μ ∈ J ∪ {0}:
where I 0 is a cap on S n−1 with |I 0 | = e −3 . By (3.5) we have
Therefore, Theorems 1.3 and 1.4 are proved if we can show that
for p satisfying |1/ p − 1/2| < min{1/γ ,1/2}; and
for all ω ∈ A I p/γ (R + ) and γ < p < ∞. Proof of (3.7) . Since Δ γ (R + ) ⊆ Δ 2 (R + ) for γ ≥ 2, we may assume that 1 < γ ≤ 2. Therefore, it suffices to prove (3. 
Next, let us compute the L p boundedness of the operator T j,μ . For |1/ p − 1/2| < 1/γ , we have
The last two inequalities are obtained by applying Lemma 2.10 and applying the Littlewood-Paley theory and Theorem 3 along with the remark that follows its statement in [18, page 96] . Now by interpolation between (3.17) and (3.18) we get (3.14) . This completes the proof of Theorem 1.3.
Proof of (3.8) . Assume that ω ∈ A I p/γ (R + ) and p > γ . As above, to prove (3.8), it suffices to show that
To this end, let us compute the (3.20) where the first inequality follows by Lemma 2.9 and the last inequality follows from a well-known weighted Littlewood-Paley inequality since ω ∈ A p/γ (R + ) ⊂ A p (R + ) (see [12] ). By interpolating between (3.17) and (3.20) with ω = 1 we get 
By interpolating with change of measures between (3.20) and (3.21) we get (3.19).
Further results
As an application of Theorem 1. 
where the supremum is taken over all functions g satisfying g L d (ω 1−d ) ≤ 1. Hence, the proof of Theorem 4.1 is completed.
One of the important special classes of radial weights is the power weights |x| α ,α ∈ R. It is know that |x| α ∈ A p (R n ) if and only if −n < α < n(p − 1).
Our result regarding this class of weights is the following theorem. 
